In a Hilbert space the chaotic order A B for positive and invertible operators A and B was characterized in terms of operator inequalities in [3] . In this paper we give different characterizations in terms of both the generalized Heinz-Kato-Furuta-type inequality and the Reid-type inequality.
Notation and Introduction
For the sake of convenience let us recall some standard notations and wellknown results first. Let H be a Hilbert space and the capital letters be bounded 
The result above is called the generalized Heinz-Kato-Furuta inequality in the literature, and it is equivalent to the Furuta inequality [5] . In particular, the Heinz-Kato-Furuta inequality is | (T | T | α+β−1 x, y) |≤ Aαx Bβy , and the Heinz-Kato inequality is
The Reid's inequality is as follows, which is equivalent to the Löwner-Heinz inequality for α = 1/2 [7, Corollary 2] . Theorem E [10] . Let S ≥ O, and SK be Hermitian. Then, for all x ∈ H,
The aim of this paper is to characterize the relation A B for A, B > O in terms of both the generalized Heinz-Kato-Furuta-type inequality and the Reid-type inequality by using Theorem A (the Douglas's majorization and factorization theorem) and Theorem B (Fujii's et al. characterization of A B in terms of the Furuta-type inequality).
Incidentally, the notations and the well-known results above, except for Theorem A, D and E, could be found in the recent book [6] with proofs.
Main Results
We need the following modified definition: We say that S strictly majorizes 
Next, since 
Hence A B by Theorem B, and the proof is completed.
Remark that the proof of each of the following three theorems are similar to the proof of Theroem 2.1, and we shall give the outlines only. 
sβ q+s y, y);
sβ q+s y, y).
Proof. By assumption T x ≤ Ax and there exist
δ ≥ 0 such that T y ≤ δ By for all x, y ∈ H. Thus, | T | 2 ≤ A 2 and | T | 2 ≤ (δB) 2 .
It follows that A | T | and δB | T |, and there exists a unique D with
In the proof of (1.1)⇒(2.7) we need to know that
, which is obtained by a straightforward computation.
It should be noted that the conditions rα + sβ ≥ 2 and rα + sβ ≥ 0 in Theorem 2.1 and 2.2, respectively, may be omitted if T is invertible. The next result is generalizations and characterizations of Reid-type inequality in terms of the chaotic order, and the proof is similar to that of Theorem 2.1 and 2.2.
